The way a principle system and its environment interact characterizes the non-Markovianity of the dynamics. Herein, we investigate the non-Markovian dynamics of photon polarization in a birefringent crystal. We consider the so-called "quantity of quantum-mechanical process" first defined by Hsieh et al. [Sci. Rep. 7, 13588 (2017)]. The non-Markovianity of the photon dynamics is evaluated by examining the quantity of quantum-mechanical process varying with time, and the difference between the quantity of quantum-mechanical process in a complete dynamics and that in a process composed of two subprocesses. We show that all of the processes identified as Markovian in the seminal study of Liu et al. [Nat. Phys. 7, 931 (2011)] can actually be identified as non-Markovian. The presented method enables us to classify non-Markovianity in the dynamical processes that are classified as Markovian by existing verification criteria. Overall, the results confirm the feasibility of performing the experimental characterization of photon dynamics using an all-optical setup and provide a useful insight into enhancing the accuracy and control of quantum system designs for quantum engineering applications.
I. INTRODUCTION
In an ideal isolated quantum system, the time evolution of the system state is governed by the Schrödinger equation under the postulate of quantum mechanics [1, 2] . In real-world scenarios, however, the physical system is inevitably affected by its environment. The dynamic behavior of such an open quantum system arises from an interaction between the system and its environment. Several important tools have been developed to describe and understand the properties of open quantum system, such as the functional integral [3] , the projection operator [4] , the effective modes [5] , the recursive approach [6] , and the quantum operations formalism [2, 7, 8] . Moreover, the system dynamics can be classified according to both the observed phenomena and dynamical map types in the mathematical formalism. Markovian and non-Markovian dynamics are recognized as important examples of distinct dynamic behavior and map structures. Accordingly, the problem of quantifying non-Markovian dynamics has attracted great attention in the literature [8] [9] [10] [11] [12] [13] [14] . Compared to qualitative analysis, a quantitative description can convey more comprehensive information about the degree of non-Markovian behavior (i.e., the so-called non-Markovianity).
The first quantitative measure of non-Markovianity was proposed by Breuer, Laine, and Piilo (BLP) [15, 16] , who reasoned that, if a system undergoing Markovian dynamics exhibits a monotonic decrease in the trace distance of two system states, then non-Markovianity can be defined as an increase in the trace distance. Rivas, Huelga, and Plenio (RHP) [17] found that Markovian dynamics can cause a monotonic loss of entanglement between the system in the environment and an isolated ancilla. They thus define the non-Markovianity as * cmli@mail.ncku.edu.tw an increase in the entanglement intensity, as quantified by the concurrence. From an information perspective, Markovian dynamics monotonically reduce the mutual information between the system and the ancilla. Consequently, Luo, Fu, and Song (LFS) [18] defined the nonMarkovianity as an increase in the mutual information between a system and an ancilla.
Aside from the intrinsic interest of open quantum systems, evaluating non-Markovianity is also of significant benefit in enhancing the accuracy and control of quantum system designs for quantum engineering applications. For example, the experiment of Liu et al. [19] demonstrated the feasibility for investigating the Markovian and non-Markovian dynamics of single photons in a birefringent crystal using an all-optical setup. In particular, the authors used the BLP and RHP nonMarkovianity measures to classify the photon dynamics, and then experimentally demonstrated a method for controlling the dynamics transition between Markovian and non-Markovian according to these non-Markovianity measures.
Herein, we propose a method for examining the photon dynamics in a birefringent crystal by utilizing the quantity of quantum-mechanical process. In accordance with the definition of classical process introduced by Hsieh, Chen, and Li (HCL) [20] , the dynamics of a system are identified as classical if both the initial system states and their subsequent time evolutions can be described by classical physics [20] . Therefore, a truly quantum-mechanical process can go beyond this description. As will be shown in the following, the interactions between single photons and birefringent crystal induce the dynamical changes in the quantity of quantummechanical processes on photons. It will additionally be shown that such a characteristic of the system and its environment can be utilized to identify the non-Markovian dynamics for processes that cannot be identified by using existing non-Markovianity measures such as the BLP, RHP, and LFS criteria. All of the experimental demon- under different tilt angles θ. An interference filter is placed after the FP cavity to filter out at most two transmission peaks. These two degrees of freedom of the photons are subsequently coupled together in a quartz plate, where the polarization states become dependent on the frequency states in accordance with Eq. (1). Finally, the tomography of the polarization states is measured by a polarization analyzer composed of HWP2, QWP2, a polarizing beam splitter (PBS), and two detectors. Such a setup enables the process tomography of the photon dynamics χ θ t to be measured in order to identify their non-Markovianity using the criteria given in Eqs. (10) and (11) .
strations of photon dynamics reported in Ref. [19] are strictly evaluated as non-Markovian. Finally, the conditions of the systems and experiments required to achieve a true transition from non-Markovian to Markovian dynamics are presented and discussed.
The study commences by formulating a description of the photon dynamics in terms of the process matrix. By systematically exploiting the experimental data reported in Ref. [19] to construct a faithful process matrix, we objectively analyze the non-Markovianity of the experimental processes using the HCL non-Markovian criteria. Finally, the photon dynamics classification results determined in the present study are compared with the experimental observations obtained using the BLP, RHP, and LFS non-Markovian criteria.
For convenience, we use the process matrix given in Eq. (5) to refer to the physical process throughout the remainder of the text.
In practical experiments, the process matrix can be measured using a process tomography technique [2] implemented using the optical set-up shown in Fig. 1 . The main tomographic procedures are summarized as follows. First, the initial states of the principal system are prepared using half-wave plate 1 (HWP1) and quarter-wave plate 1 (QWP1) in order to produce four different polarization states: ρ S 0 ∈ {|λ λ| |λ = H, V, +, R}, where |+ = (|H + |V )/ √ 2 and |R = (|H + i |V ) √ 2. Following the system-environment interaction mediated by the quartz plate, the tomographic information of the final states ρ S t is obtained using a polarization analyzer composed of HWP2, QWP2, and a polarization beam splitter (PBS). Given the measurement results for the four output states and the algorithm of process matrix, the corresponding experimental process matrices then can be systematically obtained. Ideally, these measured dynamical maps should be consistent with the theoretical maps shown in Eq. (5).
III. IDENTIFYING NON-MARKOVIANITY BY QUANTIFYING QUANTUM-MECHANICAL PROCESSES

A. Markovian dynamics
As shown in Eq. (3), the evolution of the principal system ρ S 0 over a time duration t can be described by the process χ In order to examine the non-Markovianity of an unknown dynamics from a process perspective, let us first review the fundamental concepts of classical and quantum-mechanical processes [20] .
For a classical process, denoted as χ C , the initial system states can be considered as a physical object with properties which satisfy the assumption of realism and evolve according to classical stochastic theory [20] . Here, the assumption of realism indicates that the system is in a state described by a set of measurement outcomes. Moreover. the dynamics of these classical states are fully described by the transition probabilities from a specific state to a final state. If the system dynamics cannot be described at all by any classical processes, then the process is said to be a genuine quantum process (denoted by χ Q ). ) indicate that the composition α (robustness β) is derived from a single process χ t and composite process χ t2 χ t1 , respectively. An invalidation of this consistency reveals that the process is non-Markovian. In other words, non-Markovian dynamics are identified when
IV. NON-MARKOVIAN DYNAMICS OF PHOTON POLARIZATION STATE
A. Experimental results of Liu et al. [19] In the experimental work of Liu et al., the nonMarkovianity of the photon dynamics is first classified using the BLP criterion based on the dynamical changes of the trace distance between two system states. Consider two system initial states, ρ In the experiments reported in Ref. [19] , the two system states are initially prepared as ρ
2 using a HWP. Note that the experimental setup is similar to that shown in Fig. 1 . In particular, specific tilt angles θ of the FP cavity are set to create different initial states of the environment. A 4 nm FWHM (full width at half maximum) interference filter is used to filter out at most two transmission peaks. The frequency distribution corresponding to each value of θ is then measured using a monochromator, as illustrated in Fig. 3 . After interacting with the environment in the quartz plate as described in Eq. (1), the final states of the principal system, i.e., ρ S t,1 and ρ S t,2 , respectively, are measured tomographically using a polarization analyzer. The classification of the photon dynamics reported in Ref. [19] is shown in Fig. 4 . As shown, for 4.0
• < θ < 8.0
• , the photon dynamics are identified as Markovian using the BLP criterion.
The experimental work of Liu et al. [19] also demonstrates the RHP non-Markovian criterion, and compares the observation results with those obtained using the BLP criterion. The related experiment prepares a maximally entangled state of the principal system and an ancilla which is isolated from the environment, as ρ
, and the superscript A denotes the ancilla. The concurrence of this initial state is C(ρ SA 0 ) = 1 [30] . Since the principal system is subject to the dynamical process χ S t , the state of the composite system is given by ρ
denotes an identity process operating on the ancilla. In the experiment, the final state ρ SA t can be measured using two-photon state tomography, and hence the C(ρ 
The form of the frequency distribution |f (!)| 2 , and thus the initial state of the environment, can be controlled by the tilt angle ✓ of the FP cavity. Figure 2 shows how ✓ determines the structure of the frequency spectrum and, thus, the environmental initial state | i. By changing the initial state of the environment in the experiment we modify the open system dynamics in a way which allows us to observe transitions between Markovian and non-Markovian quantum dynamics.
In the first version of the experiment, HWP1 is fixed at zero degrees to generate a two-photon state. Photon 2 is directly detected in detector SPD at the end of arm 2 as a trigger for photon 1. Photon 1 first passes through HWP2, preparing it in the state |' 1 i or |' 2 i. The subsequent interaction between polarization and mode degrees of freedom in the quartz plate is described by a quantum dynamical map 8 t acting on the open system, where the interaction time t is related to the variable length L of the quartz plate as t = L/c. Finally, full state tomography is carried out in detector SPD at the end of arm 1 to determine the polarization state ⇢ 1,2 (t ) = 8 t (|' 1,2 ih' 1,2 |) of photon 1. This allows the direct experimental determination of the trace distance D(⇢ 1 (t ), ⇢ 2 (t )) between the two possible one-photon states after a certain interaction time t , controlled by the length L of the quartz plate. Experimental results for four different values of the tilt angle ✓ of the FP cavity are shown in Fig. 3a . We clearly observe a crossover from a monotonic to a non-monotonic behaviour of the trace distance as a function of time, that is, a transition from a Markovian to a non-Markovian dynamics for the polarization degree of freedom of the photon.
The experimental results admit a simple theoretical analysis which is based on the fact that the time evolution in the quartz plate may be described by the unitary operator U (t ), which is defined by
where n ⌦ represents the refraction index for light with polarization ⌦ = H , V . The presence of the quartz plate thus leads to the decoherence of superpositions of polarization states, which is due to a nonzero difference 1n = n V n H in the refraction indices of Note that the simulated spectrums (blue-dotted lines) are constructed using the experimental data measured by a monochromator (red lines) reported in Ref. [19] . Note also that the count rate of the monochromator corresponds to the amplitude which is an introduced parameter used in the frequency distribution function.
B. Non-Markovianity identified by the criteria (10) and (11) 1. Construction of the experimental process matrix χ θ t
In order to identify the non-Markovianity of χ θ t in Eq. (5) using the criteria (10) and (11) , it is necessary to completely know the frequency distribution |f θ (ω)| 2 and refraction index difference ∆n in Eq. (6) . Here, in order to objectively compare the present results with those of Liu et al. [19] (as will be shown in Sec. IV C), |f θ (ω)| 2 and ∆n are derived directly from their experimental report data. Notably, there are no exact functions available for describing the frequency distributions in Ref. [19] . Thus, it is necessary to construct the frequency distributions from scratch by using a frequency model to fit the measured frequency spectrums reported in the related experiment. In practice, the frequency distributions can be modeled as the sum of two Gaussian distributions with frequency centers of ω c1 and ω c2 , respectively, and standard deviations of σ 1 and σ 2 , i.e.,
where a 1 /(a 1 + a 2 ) and a 2 /(a 1 + a 2 ) are the amplitudes [19] . The frequency distributions |f θ (ω)| 2 created using Eq. (12) are consistent with the experimental spectrums reported in Ref. [19] . Given the frequency distributions generated from Eq. (12) and ∆n, Eqs. (5) and (13) can be used to specify the photon dynamics for each considered θ.
θ(
• ) ωc1(nm) ωc2(nm) a1 a2 σ1(nm) σ2(nm) corresponding to the sub-distributions with centers ω c1 and ω c2 , respectively. Function |f θ (ω)| 2 in Eq. (6) for each given angle θ can then be determined by fitting the measured frequency spectrums with Eq. (12) . As illustrated in Fig. 3 , the simulated frequency distributions are highly consistent with the experimental spectrums given the fitting parameters values σ 1 , σ 2 , a1, a2, ω c1 and ω c2 listed in Table. I.
To determine the experimental value of ∆n, the frequency distributions generated in Eq. (12) are used to fit the oscillation periods of the change of the trace distance and the concurrence in the reported experimental results. (See Fig. 3 in Ref. [19] .) A value of ∆n = 0.0115 is found to achieve the best fit between the simulation results and the experimental results. Thus the photon dynamics χ θ t in Eq. (5) can be derived from the experimental results and data shown in Ref. [19] .
In order to confirm the faithfulness of the process matrix χ θ t derived in Eq. (5), the BLP and RHP nonMarkovianity measures are also applied to examine χ θ t . The simulation results are again consistent with the experimental observations in Ref. [19] (Fig. 4) . (See Figs. 9 and 10 in Appendixes 1 and 2 for a more detailed discussions.) Note that, when θ = 6.0
• and 7.5
• , neither the experimental results nor the simulation results identify non-Markovianity when using the BLP and RHP criteria. The same result is found from all the derived photon dynamics obtained under the fitting parameters listed in Table I . Hence the process matrices constructed with the frequency model in Eq. (12) provided a reliable means of investigating the non-Markovianity of photon dynamics.
2. Identifying non-Markovianity using the criterion (10) In order to compare the experimental results shown in Fig. 4 , we first consider the photon dynamics χ θ t for θ = 6.0
• , corresponding to the Markovian region in Fig. 4 . The quantities of α and β of the dynamical processes χ 6.0 t and χ 7.5 t both monotonically decrease with t, as shown in Fig. 5 . The photon dynamics χ
However, let us now examine the photon dynamics corresponding to the transition region of non-Markovian and Markovian dynamics in Fig. 4 . As illustrated in Fig. 6 , the values of α 
Identifying non-Markovianity using the criterion (11)
To examine the non-Markovianity of χ θ t using the nonMarkovian criterion in Eq. (11), we first need to compare α and β of χ Here, we choose t 1 = t 2 = t/2 (see Fig. 2 ). The dynamical map consisting of the two sub-processes can be formulated as:
Figures 5 and 6 show that there exist clear differences between α and β for χ C. Discussions Figure 5 shows that when the non-Markovianity of a dynamical process is characterized by examining the changes in the amount of quantum process over time, the non-Markovianity of the photon dynamics can be successfully identified using the criterion given in Eq. (11) . By contrast, such non-Markovianity cannot be identified using the BLP or RHP criterion. Indeed, all of the photon dynamics χ θ t for 4.0
Comparisons
• classified as Markovian by the BLP and RHP criteria are identified as nonMarkovian by the criterion (11) . However, for all of the other tilt angles considered in Table I , the corresponding photon dynamics are classified as non-Markovian by all the non-Markovian criteria. According to the LFS criterion, all of the photon dynamics for the cases considered in Table. I are nonMarkovian other than those for χ 6.0 t and χ 7.5 t . It is noted that this result is consistent with that obtained using the BLP and RHP non-Markovian criteria. For each setting shown in Table I , the simulation results obtained using the LFS non-Markovian criterion for each of the parameter settings shown in Table. I are presented in Appendix 3.
Switching non-Markovian photon dynamics to Markovian photon dynamics
According to the comparisons in Sec. IV C 1, the criterion (11) can be used to classify non-Markovianity of the • and 7.5
• . The λ0 is 702 nm, which denotes the effective path difference corresponding to Ref. [19] . Since α 6.0 χ t (β 6.0 χ t ) monotonically decays with time, the system dynamics cannot be identified as non-Markovian using Eq. (10). However, the existence of differences between α (11) . Note, however, that they are classified as Markovian by the BLP and RHP criteria in Ref. [19] .
photon dynamical processes that are classified as Markovian by the BLP, RHP, and LFS criteria. As such, it provides a useful tool for realizing more accurate systemenvironment quantum engineering designs. This benefit is illustrated in the following, in which the all-optical set-up in Fig. 1 is used to switch the photon dynamics from non-Markovian to Markovian.
Let us state by considering a single frequency distribution centered at ω s rather than the two Gaussian distributions considered in Eq. (12) . Term κ θ (t) in Eqs. (5) and (13) is found to be e iωs∆nt following the Fourier transformation. In other words, χ θ t describes a unitary transformation. This satisfies the Markovian condition in Eq. (7). Thus it can be inferred that, as the value of σ reduces, the photon dynamics approach a Markovian process. Accordingly, the transition of the photon dynamics from non-Markovian to Markovian, as identified by criterion in Eq. (11), can be simulated by modifying the value of σ in Eq. (12) .
To compare the present observations with the previous experiment in Ref. [19] , consider the case of χ 6.0 t , for example, which is the most Markovian part characterized by the BLP and RHP non-Markovian criteria (see Fig.  4 ). Let the evolution time be chosen as t = 160λ 0 , where this choice depends on the evolution time of the photons in the experiment (see Fig. 3 in Ref. [19] ). In classifying the photon dynamics using Eq. (11), both the single pro- cess and the related subprocesses are of interest. Thus, the time intervals are divided into two equal parts (e.g., as shown in Fig. 2) ; resulting in t 1 = 80λ 0 . A minimum resolution of 1% is assumed for both N To confirm the results obtained from Fig. 7 for the switching of dynamics from non-Markovian to Markovian under criterion (11), we consider the simulated frequency spectrum |f 6.0 (ω)| 2 shown in Fig. 8(a) with σ = 0.1092. The photon dynamics corresponding to this frequency distribution can be determined in the form of Eqs. (5) and (13) . Figure 8(b) shows the changes of α a filter with a FWHM of less than 0.2574 nm, the photon dynamics at θ = 6.0
• are characterized as Markovian by both criterion (10) and criterion (11).
V. CONCLUSION AND OUTLOOK
This study has investigated the non-Markovianity of the photon dynamics in a birefringent crystal. Process matrices of the polarization state have been faithfully derived from the experimental data reported in the seminal study of Liu et al. [19] . Given this complete description of the dynamical process, one can know the difference between the quantity of quantum-mechanical process in a complete dynamics and that in a process consisting of two sub-processes. It has been shown that the nonMarkovian criterion based on this difference can be used to classify non-Markovianity in the dynamical processes that are classified as Markovian by analyzing state properties [15] [16] [17] [18] , or by analyzing the quantity of quantummechanical process changing with time. In particular, the photon dynamics which are identified as Markovian in Ref. [19] are reliably identified as non-Markovian dynamics by this criterion. The study has also demonstrated the feasibility for switching the photon dynamics from non-Markovian to Markovian using an all-optical set-up. In other words, the results confirm that the condition on the quantity of the quantum-mechanical process can enhance the accuracy and control of quantum system designs for quantum engineering applications.
Future studies may usefully examine whether such a criterion retains the same capability to identify nonMarkovianity for general open quantum systems, in which the nonlocal memory effects induced by the initial correlations between local parts of the environment [31, 32] must also be taken into consideration. In addition, considering the errors induced in experiment (such as the counting statistics and the uncertainty of the tilt angles of the experimental elements [33] ) in the form of composition and robustness, the accuracy of the criteria can be further improved at the corresponding experimental circumstance. In order to compare the results of identifying the nonMarkovianity of the photon dynamics by different nonMarkovian criteria, this section commences by briefly introducing the BLP, RHP, and LFS non-Markovian criteria, and then uses these criteria to investigate the constructed process matrices in Eq. (5) . Using the BLP and RHP criteria, the process matrices derived from the experimental data are proved to be in accordance with the photon dynamics in Ref. [19] . On the other hand, the difference of the capability to classify nonMarkovianity between these criteria and the HCL criteria can be found. (See Sec. IV C 1.)
BLP criterion
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. • are experimentally characterized as Markovian in Ref. [19] . (See Fig. 4 in Sec. IV A.) the ability to distinguish two different states. Consider, for instance, the trace distance of two initial system states, ρ 
. After undergoing the photon dynamics χ θ t , the trace distance of the final states can be expressed as Fig. 9(a) .]
According to the contractive property, any CPTP map χ θ t gives rise to a decrease of trace distance [2] . As guaranteed by the semigroup property (see Sec. III A), if χ θ t is Markovian, the decomposed subprocesses χ for arbitrary time t 1 . In other words, if χ θ t is divisible (Markovian), the trace distance monotonically decreases over time. Thus, if any increase of the trace distance induced by the sub-processes for arbitrary time interval t 1 is observed, the χ θ t is said to be non-Markovian. The increased quantity of the trace distance is then defined as the non-Markovianity of χ θ t under the BLP criterion, i.e.,
The results obtained when identifying the nonMarkovianity of the photon dynamics given in .5°8
.5°C oncurrence (b) using the BLP criterion are shown in Fig. 9(b) .
It is worth noting that, to implement the BLP criterion, one needs to find an optimal set of the initial states, ρ S 0,1 and ρ S 0,2 , to reflect the maximum amount of non-Markovianity, whereas the RHP criterion, LFS criterion and HCL criteria are independent of initial states for the dynamical process.
RHP criterion
The RHP criterion is based on the change of intensity of the entanglement between the system and an ancilla, which is kept isolated from the decoherence environment. The intensity of the entanglement can be described in a concurrence form [30] , as illustrated in Fig. 10(a) . The state of the principal system and the ancilla is initially prepared in a maximally entangled state, ρ
After the principal system undergoes the photon dynamics χ θ t , the state of the composite system changes to ρ can then be determined as [30] :
where e i are the eigenvalues of ρ The results obtained when identifying the nonMarkovianity of the photon dynamics given in Table I using the RHP criterion are shown in Fig. 10(b) . Note that, to use RHP criterion, we first need to prepare the system and the ancilla in a maximally entangled state. If such an initial state is not ideally prepared to be maximally entangled, there exist possible errors in certifying non-Markovianity by the RHP criterion. Compared with the RHP criterion, the HCL criterion (11) directly use semigroup property to examine whether a process can be decomposed into two subprocesses, which makes it possible to identify non-Markovianity for processes classified as Markovian by the RHP criterion.
The LFS criterion
In employing an ancilla to identify the nonMarkovianity of χ θ t , the underlying concept of the LFS criterion is similar to that of the RHP criterion. However, instead of quantifying the correlations between the principal system and the ancilla by entanglement, the LFS criterion utilizes a mutual information measure to identify non-Markovianity [see Fig. 11(a) ]. The amount of mutual information can be expressed as I(ρ .5°8
.5°T
ime (unit: λ0) The results obtained when identifying the nonMarkovianity of the photon dynamics given in Table. I using the LFS criterion are shown in Fig. 11(b) .
